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ETRE1 calculated the number of possible energy levels
U originating from an electron with a given 1 in crystal fields 
of any symmetry. These results apply also to an atomic term 
with given L in crystal fields of intermediate strength. Small 
letters are used in this paper to denote single electrons (/, yn, 
etc.) and capital letters to designate total systems (L, Fn, etc.). 
Quantitative calculations of the energy differences occurring in 
the complex ions of the first transition group were first per
formed by Ilse and Hartmann.2’3 These authors applied the 
theory to Ti' 3 and V . Similar calculations have recently been 
reported for Ciir~, Nir~, and most of the other metal ions of 
the first transition group. “ The theory of d2-lcvels in crystal
fields of cubic symmetry3 has been extended to cf’-levels in such 
fields.7 The present paper gives a similar treatment of cfMevels 
in fields of lower symmetry (tetragonal and rhombic, the latter 
being the lowest symmetry of consequence for the splitting of 
the levels), based on the calculations4’5 on d and r/2-levels in 
these fields.

Introduction.

The character system of a state in a crystal field of given 
symmetry can be considered as a p-dimensional vector, if p 
different numbers are given in the set, e. g. p — 5 in the cubic 
case, where the character systems C are given as the sets (e, 
c2, c3> c4> cs)- IR this five-dimensional space, five fundamental 
vectors are given as the “irreducible Darstellungen’’ of Bethe 
(ref. 1, Table 1). The characters are here given in the order of 
Bethe.1 (In the textbook of Eyring, Walter and Kimball28 the 
characters are given in the order (e, c5, c2, c3, c4) in the cubic 
while Betiie’s order is not changed in the tetragonal case) 
They correspond to the quantum numbers

1*
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c (A) == (A 1, 1, 1, 1 )

c (A) -= (h 1, — 1, 1, 1)

c (A) == (2, 2, 0, 0, 1) (1)

c (A) == (3, — 1, 1, - 1, 0)

c (A) == (3, 1, 1, 1, 0).

Any non-fundamental vector C can be expressed as a linear 
combination of the fundamental vectors in only one way:

C = C (rx) + u2 (A) + «3 C (r3) 4-n4 C (P4) + n5 C (A). (2)

The linear combination coefficients an of eq. 2 are always 
positive integers.

The character systems C (L) found by Bethe by consider
ations of the single (2 L | l)-dimensional rotation group can be 
expressed in the familar tables of cubic term splittings:

c(S) = cm)

c (P) = c (r4)

c </>) = c <r3) + c (A)

C (F) = C (A) + C (A) + C (A)

c (G) = c (A) + c (A) + C (A) + c (r5)

C (W) = C (A) + 2 C (A) + c (A),

where S, P, 1) is the usual spectroscopic notation for L = 0, 
1, 2, . . . This table was first given by Bethe, and extended for 
some higher values of L by Hellwege.8 It is periodical1 with 
L = 12 (A is a positive integer)

C (12 A + L) = A C12 + C (Å), (4)

where C12 = (24, 0, 0, 0, 0) - C (A) + C (A) + 2 C (A) + 
3 C (A) + 3 C (7 5).

An important operation is the formation of internal vector 
products from the vectors (e, c2, c:i, c4, c5) and (e , c2, c3, c4, c5), viz.
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C = (e e', c2có, C3C3, c4c4, C5C5). (5)

These products C can also be expressed in the fundamental 
vectors of eq. 1, giving the results of Table 1. This is a mul
tiplication table of JTp and 7^, showing the validity of the com
mutative law:

Table 1. Internal vector products in cubic symmetry.

Fr f2 F 1
r> P5

Fi............... Fx f2 F F4 F
F2............... f2 F F f5 F
F3................ f3 F F + 7 2 + F3 f4 + F F + f5
A............... f4 F f4 + f5 F + F+F 7 5 / 2 F F + F4 -L 7’5
r5............... f5 F, f4 + J\ F + f3 + r4 + f5 Px-F F3 + F4 -F Fs

In crystal fields of tetragonal symmetry the character systems 
are also live-dimensional vectors, and there are five fundamental 
vectors C(FZ1), C(F/2), C(F/3), C(Fi4), and C (Fz5) with the 
coordinates given in ref. 1, Table 5. It is seen that the first 
coordinate, e, is 1, 1, 1, 1, 2, respectively. This is normally called 
the degeneracy number of the state, analogous to e in the cubic 
case. We shall here denote cubic quantum numbers by Fcn (or 
simply r„ where no misunderstanding is possible), tetragonal 
numbers by Fln and rhombic ones by rrR.

The tetragonal character systems of L, C (L) are given in 
ref. 1, Table 6. On the analogy of eq. 4, C (L) is periodical1 
with the period 4, i. e.

C (4 Â + L) = }. C, + C (L) I
í (b)C4 - C(P) + C(7)) = C(S) + C(F). I

Since C4 is thus expressible, all tetragonal C (7>) can be expressed 
as linear combinations of C (S), C (P), C (D), and C (F) with 
non-negative coefficients. This is the cause of the similar be
haviour of a cubic C (L) vector when the following arguments 
are considered.

The values of tetragonal C (L) can be found from eq. 6 and 7 :
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c (As)
(7)

2

(S)

this cannot be done exclusively

C(/t) = C(/h) + 

c(F) = c (/;.) +

7 give the two only possible

know whether a certain cubic state ACflIt is now of great interest to
can be identified with certainty as a sum of tetragonal stales
This corresponds to the effects of making a cubic crystal
field very slightly tetragonal and thus forming tetragonal splittings 
of the cubic levels. Eq. 3 and 
solutions :

Ai
As

Betiie chose possibility 1, but 
on the basis of these equations.

From the internal vector products, fable
structed by methods similar to those outlined above for fable 1 :

Possibility 1

i 7 H

A‘2 — 7 /3 
As * Al + J 
Ai — Aa 4- j 
As- As + ^

Possibility 

Ai- Al 
Aa-Ai 
A3 — Ai + 

Ai — Aa + 
As-As +

2 can be con-

Tabi.e 2. Internal vector products in tetragonal symmetry.

Al Aa A3 Ai As

Ft,............................ Ai F., As Ai As
/'t>............................ a2 Al Ai As As
F.............................. As Ai Ai 47 .> Z7-

n............................. A4 As 17 0 Ai As
r.y............................ As As As As A ■ Aa + As + Al

fable 2 gives no reason for preferring possibility 1 of eq. 8 
to possibility 2, since it is exactly symmetrical with respect to 
change of /’z;i to /’;4 et vice versa.

In the rhombic case all the four fundamental vectors have 
e = 1, i. e. they are all only once degenerate. According to Betiie,



Nr. 14

they are connected with the tetragonal quantum numbers in the 
following way:

They have thus the following multiplication table:

Table 3. Internal vector products in rhombic symmetry.

Trl Tr2 Cr3 Fr4

rr<............................................ Trl rr9 Fr3 Fr4
rr2................................................. 7*  2 rri Tr4 Tr3
rr o................................................. Fr3 TrL rr9
rr4................................................. Fr4 rr2 Tri

Crystal Fields in Co-Ordination Compounds.

From the formulae in ref. 4, it is easily shown that in octahe
dral complexes the crystal field energy levels are determined 
only by three quantities which represent the perturbations 
from the sets of two ligands on each of three axes in the 
Cartesian coordinate system. This is an extension of the equi
valence of z-axis contributions, applied to copper (II) com
plexes,4 and in accord with the empirical observations of Sueda, 
that the absorption spectrum is determined only by the influences 
of the three sets of ligands in iruns-positions.

In the following calculatioAs the distances of all the ligands 
are assumed to be equal, giving the same values when put in 
the functions4 B2 and B¿. However, the following considerations 
are also valid when different values of B2 and B4 are obtained 
from each of the ligands. The difference between the six ligands 
is expressed as differences in the effective point dipole moment 
a, but the results can be applied to ionic charges q, G2 and (r4,



8 Nr. 14

as well, rhe sum of the dipoles in the direction of the .r-axis 
and ¿/-axis and "-axis are represented by /z2, and //3.

fhe complex is said to have a crystal-field of cubic symmetry, 
if = ii2 = ,«3. If two of the dipole moment sums are equal, 
but different from the third, e. g. = //2 ¿¿3, the crystal
field has tetragonal symmetry. Whenever all the three are dif
ferent, one has rhombic symmetry, which is the lowest symmetry 
possible in any octahedral complex.

The energy of a given level is expressed formally as

E — E (free ion) 4- E (common pert.) 

d- 7: (cub) + E (tetr) + E (rhomb).
(10)

E (free ion) is the energy of the corresponding atomic term, which 
is perturbed by the crystal field (by interaction between different
terms % (free ion)). E (com
mon pert.) is the energy equal for all levels of the electron con
figuration due to the contributions of the perturbation. E (cub) 
is the energy of the corresponding cubic and E (tetr.) of the 
corresponding tetragonal level (see the splitting rules eq. 8 
(Poss. 1) and eq. 9), and finally E (rhomb) the remaining energy, 
which is only different from 0 in /^-levels, split to /’r3 and rr4, 
and in the interacting two Fri states. The latter result is shown 
in what follows to be connected with Bethe’s theorem of the 
centre of gravity of a group of levels whose degeneracy is re
moved by fields of less symmetry. is not regarded at all, 
because it only contributes to E (common pert.). E2 occurs alone 
in E (tetr), and E (rhomb), while B4 occurs in ah the three last 
parts of eq. 10. In crystal fields of cubic symmetry, E (tetr) = E 
( rhomb) = ().

In the complex ions with six equal molecules as ligands, the 
crystal field does not a priori need being of cubic symmetry 
since the ligands may have slightly differently induced dipole 
moment and distances. Eq. 10 would give decreased energy if 
E (tetr) and E (rhomb) can be negative, i. e. some tetragonal 
or rhombic splitting of the ground-state occurs. Van Vleck10 
pointed out early that the Jahn-Teller effect would only allow 
complex ions to be stable in which the ground-state is only once 
degenerate on a (2 L + 1) basis, i. e. e = 1 in the corresponding 
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vector. The only stable octahedral complexes of cubic symmetry 
thus have or r2 as ground-states, while the others deform to 
tetragonal or even rhombic symmetry (in the case of rt5). How
ever this theorem concerns only the direction of deformation, not 
the absolute deviation from cubic symmetry.

The ground-states in most magnetically anomalous ions (with 
the total spin quantum number S less than the S in the free ion) 
are Tcl (in d:Tc^), while the magnetically normal ions with the 
maximum value of S are distributed in the following way in 
octahedral complexes :

d and d6 rhombic or “compressed” tetragonal 
d'2 and d1 tetragonal
d3 and d8 cubic
d4 and d9 tetragonal
d5 cubic.

(H)

Van Vleck10 has maintained that systems with one d-electron 
have the least energy when they have rhombic symmetry. As is 
seen in the following section, tetragonal symmetry with /q > //2 
= /z3 would also give a stable once degenerate ground-state. The 
“compressed” tetragonal form of the complex would probably 
have approximately the same energy as the rhombic form. There
fore it is possible that the titanium (III) hexa-aquo ion exists in 
an equilibrium between the two forms. Whenever tetragonality 
of the type = m2 > /¿3 is stable as in d4- and d9-systems (e. g. 
chromium (11) or copper (II) complexes), this structure will be 
energetically favoured because the ligands are held in place by 
the steeply increasing potential of the sphere-symmetrical kernel. 
The tetragonality can thus be due only to weakening of some of 
the electrostatic bonds to the ligands. This is more likely lo 
happen for two of the six ligands rather than for four as in the 
case of “compressed” tetragonality.
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Two Interacting States in Crystal Fields of 
Intermediate Strength.

When a given combination of S and T,( is represented only 
once in an electron configuration, its energy will be linearly 
dependent on crystal field strength (in cubic fields (E1 E2),
where E± is the energy of a y3-electron and E2 the energy of a 
y5-electron). Phis dependence is found by calculations on either 
weak or strong crystal fields. The two latter terms are defined 
in the following way: In weak fields (El -- E2) is negligibly 
small, compared with the distances between terms of different L 
in the free ion. In the strong fields (E^ — E2) much larger than 
these distances.

When two or more levels with the same S and rn occur, 
the weak and strong crystal fields may give totally different energy 
expressions. In the case of cubic symmetry the values of N in 
systems with n (/-electrons correspond to the number of y3- 
electrons. We define:

E(cub) =pV-(12) 

In weak fields Ar is not always an integer and in strong fields 
the original terms with definite values of L can no longer be 
distinguished. The diagonal sum rule only ensures7 that the 
sum + N2 + . . . T Nq of the q different levels is constant for 
each value of the crystal field, corresponding to varying inter
mixing of the strong-field wave-functions.

Orgel11 determined this interaction in a very important case: 
the two r4 originating in weak crystal fields from 3E and 3P in 
(/2-systems, and going to y- and yl in strong crystal fields. The 
numerical result can as well be applied' to the two of highest 
S in (Z3-, i/7-, and c/8-systems. In what follows, the interaction 
between two states is generally treated without use of Condon- 
Shortley parameters. The energy of the two states in inter
mediate crystal field strength can be found as the two roots E 
in the matrix of second order11

-E2) e K

E^ + Eft- 2_"|(E, -Et)-EK
= (I. (13)
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K is the energy of interaction between the two states considered. 
Na and Nß are the integers corresponding to the strong crystal 
field case. In the free ion (Er— E2) equals 0. Here the two energy 
roots are Ea and Eb:

Ea I  Ea Eß i I Ea Eß 
Eb\- 2 (14)

It is seen that Ea and Eß always occur in the closed interval 
between Ea and Eb. It is thus possible to choose a parameter x, 
such that

0 < .r < 1

= (1 — x)Ea + xEb

Eß = xEa + (1 — .r) Eb.
Eq. 14 and 15 then gives

K*  = x(l-x)(Eb-Eay.

(15)

(16)

The parameters x and (1—.r) chosen in eq. 15 are just the 
intermixing coefficients16 of the strong field-states in the states in 
the weak field. This relation is bionique in the case of only two 
interacting states, found for instance in dMevels in cubic fields. 
In d8-systems, (1 — rr) is to be substituted for x in Table 4. 
The data are compiled in Table 4. Two interacting states have

Table 4. Interacting states among dMevels in crystal fields of 
cubic symmetry.

Quantum 
number

3A..............................
..............................

xr3...............................
*r5...........................

Ea Eb X

3 F 3p Vi

ES' 3/-

1D 1G 4 /

rD lG 4/

K States in 
strong 
crystal 
fields

\Eb~Ea)

= X— X2 1
4/
/25 + n

6/
/ 25 ?5 +

12// 49

12// 49
7Î + y 5 y 3

the smallest energy difference when the diagonal elements of eq.
13 are equal, and then it is 2 K. Since the interaction energy K 

has nearly its maximum value, ~(Eb— E(l), for the three d2-sets 
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with S = O, their minimum distance must occur at very small 
crystal-held strengths, i. e. the second-order ellects in (E\ — E2) 
are in most cases more important than the first-order effects 
found in weak cubic fields. The asymptotes in strong crystal 
helds are given by the equations 

E

and the analogous with Eß and Nß.

One d-Electron Systems.

As mentioned above, the 27J-state of one (/-electron is split up 
in fields of lower symmetry as shown in Fig. 1.

z'
/ 
XII 

I
/
\

 \

\.  

free
ion

cubic tetragonal 
symmetry symmetry

rhombic 
sym me try

Fig. 1. States of one d-electron in octahedral complexes of decreasing symmetry.

Ballhausen1 calculated the energies of the rhombic sym

metry. (In all the following equations, the factor 
for convenience). The three lowest states have: 45 f2 is omitted

21

- ^2
(17)
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The affiliation to tetragonal states can be found by putting 
/q = /h- I11 the limit, where = /q = /q, the cubic stales are 
found. The rhombic quantum numbers Fr3 and Pr4 arc chosen 
arbitrarily. The energies of the two highest states are roots 
of the equation

E 2 (^22 H- -^2—2 + F00) + (H22 H0()

b —2-^oo---- (^2o)2) — t) ,
(18)

giving a square-root dependence. The functions Hab are defined 
in ref. 4. Only in the case /q = /t2 is the dependence on crystal 
field strength linear, because H20 then equals 0. This represents 
the interaction between the two states with the same rhombic 
quantum number Fri.

In the tetragonal case — /<2, these two states are normal, 
and the four possible states are:

1 T> 19 ,, 2 1
Äh 7 + 84 \ + /h 7^ + 21«

1 3 2 2
Äh 7^ +28 Bi + Äh yA + yA

(19)

For use of the formalism, expressed in eq. 10, the cubic con
tributions must be written

A-3: (cub ) — (/q + /q T /q) g B4

As : # (cub) = — (/q + fi2 + /q) ß4 
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and the tetragonal contributions

r,3:E(tetr) = (&+Ä

/’„Oí (let,-) = +

E(tetr) =

ri5:£(tetr) = (^

(21)

The rhombic contributions of Ti3 and Ft[ together equal 0 and 
must be considered as interaction effects of the type discussed 
in the preceding section. The rhombic contribution of rt4 equals 
0, and that of

Ft:y. E (rhomb) = ± (/q (22)

It is not possible to use a single parameter Et for E (tetr) analogous

to (£\ — E2) =

tributions of B4

(Z'l + + //3) ^4

compared with those

for E (cub). The con-
4 of IE in eq. 21 are -

times higher in Fi4 and rt5 than they are in r/3 and rn.
The theorem on centres of gravity1 is valid for all the indi

vidual splittings in a given field. However, this theorem is also 
valid for the further splitting of a degenerate level due to fields 
of lower symmetry. This is of consequence for the following 
sections.

Two d-Electron Systems.

The energies of the c?2-levels in tetragonal fields ’are compared 
here with results for c/n-levels in tetragonal fields, analogous to 
the theory of cubic fields.7

We shall first calculate the electron distributions in strong 
tetragonal fields on I he quantum numbers yi5, yt4, ytl, and yti 
in order of increasing energy (in fields with almost no cubic
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Table 5. d2-levels in strong tetragonal fields.

Degeneracy
number

Electron 
distribution Levels

1 2
7/3 ^/l

,,2
4c 3 4 7/3 7/1

(c3)
3ri3(C2,3F)

1 9
7/t 'Jn

4 7/3 7/4
(c4, '0)

3T/2 (c4)

8 7/ 3 7/ 5 3ri5
Yc 3 7c 5

4 7/1 7/4
^(cö)

3rZ4(c5,3F)

8 7/1 7/5
lrt:>

1 9
7/4 l//t

7c 5

8 7/4 7/5
lri5 (c5)
3/f5(c4)

14h

6 9
7/5

1T/3 (c3)
(c5)

3-Tío(c4)

Energy
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contributions, the order of yZ4 and yz, is inverted). It is fortunate 
that the corresponding cubic quantum numbers y5, y5, y3, and 
y3 are then definitely fixed. Table 2 is used for the vector product 
yt ytq when p q. This case is not restricted by the Pauli 
exclusion principle, and thus both values of 5 = 1 and 0 occurs. 
Fhe case p = q is more difficult. When yZp has e = 1, the 
electron pair yL is a closed shell, the term is 1Fzt. When e = 2, 
as in yZ5, it is necessary to collect further information. The 
known case of </2-levels gives S = 1 for 3/)2 and S = 0 for the 
three others 1I)i, 17)3, and 1FZ4. Table 5 give the energies in 
strong tetragonal fields of these levels, depending on the two 
parameters /q (= /q) and /q-

1 o 4 . , , ,• «latter to - yz5 + - yZ3 yZ5. Thus the intermixing coefficients given

The levels of Table 5 can be divided as follows: In cases 
where more levels with the same tetragonal quantum number 
are present in the same of the three groups y2c3, yc^yc5, and y2cb, 
nothing can be said with certainty in connection with a single 
level in weak fields. In cases where only one level with the same 
tetragonal quantum number is present in a group, the cubic 
quantum number is certain. This can then either be exhibited 
by one level, which has the given S in the whole d2-system, or 
the cubic number can be exhibited more times. In the yc3 group 
the former case occurs in 37)3, which can only be the weak 
field level 3F (3Pc2) while the latter case occurs in 1FZ3, which 
surely is a 1Fc3 state, but which cannot be identified with cer
tainty with any atomic term, since rI) and 1(t both have 1Fc3- 
levels.

In the best determined class, which contains 3FZ3 (3F), 1FZ2 
(Tj), and 3FZ4 (3F), the energy (given in Table 5) in strong crystal
fields is verified in ref. 5. The partially determined class is re
represented e. g. by the two 3FZ2-levels:

3^í2(3^): Fi
r 4 3 4 „ 2 „

+ F 3 35 Bs_ 7B1

3/;2(3p):
9 

-rB,a

(23)

4 2 1
1 he former is equal to the energy of ~ 7/s + yZ3 yZ4, and the



Nr. 14 17

in Table 4 seem to apply to the problem of distributing strong 
tetragonal fields with the intermediate step of strong cubic on 
the weak tetragonal fields. If it is allowable to use the “centre 
of gravity’’-theorem on the 3Fc4 by beginning tetragonality, it 
should further be valid that E (tetr) in 3Pi5 in the levels should 

equal — — E (tetr) in the corresponding 2ri2. Thus

(IP, c4):
|#2

+ /Z3
3

(24)

The latter result in eq. 24 is again confirmed3 while the former 
result is complicated by the fact that two 3F/5 occur in 3F, and 
their mutual interaction thus is also reckoned. But the diagonal 
sum-rule can be applied to all the 3Fi5. Their total energy is to be

3/ L5 = 7/3 7/5 + 711 715 + 7/4 715

1 , 1 1 4
7^2 + Z^3

21

and when the energy of 3Fi5 (37J) is subtracted,

(25)

2 1 ’ 9 4
) = Ei + 35ßa_7S* + Es -21ß‘

also found by the direct calculation.5
Thus it seems possible by application of the best determined 

levels and by extended use of the theorem concerning the centres 
of gravity to determine all or nearly all the energies of tetragonal 
levels. The restriction (also imposed on the method used in 
ref. 7) is that only average values of several levels with the same 
2 +1FZn can be estimated.

Special interest is connected with the ground-state of diamag
netic nickel (II) complexes. Due to Pauli’s holeequivalence theo
rem, it is the level among the 1D-Ievels (see Fig. 3) which has the 
highest energy in strong tetragonal fields in d2-systems. Previously3 
it has been discussed, if 1/)2 (1G, 1Fc4) was the ground-state in the 
rather strong tetragonal field occurring in the square-planar

Dan.Mat.Fys.Medel. 29, no.14. 2 



18 Nr. 14

complexes of stilbenediamine, cyanide, etc. Rather, the state 
irtl QI), 1Fc3) transferred to the strong tetragonal field state 
is lowest, due to second-order effects in the crystal-field strength, 
while irt2 was mentioned as having the lowest energy among the 
singlet states al more moderate crystal-field strengths.

In cubic complexes, xFc3 QD) will at even quite small field 
strengths have the linear energy expression (/i, — /<2 = ^3)

E = y(V>)+y (27)

while the cubic ground-state 3Fc2 (3F) has always

E = QF) + 13, (28)

(see Table 4). The energy differences between the two states are 
thus nearly constant*,  being the differences between terms in the 
free ion :

e(‘C3)-/-;C/;2) = yCo> + 3(»G)-CF). (29)

Exceptionally these energies are not known**  from atomic 
spectroscopy, 2 but can with a probable error ~ 1000 cm-1 be 
predicted from the theory of Condon and Siiortley13 to be 
(XZ>) — 13000 cm-1 and (XG) = 22000 cm-1, when (3F) = 0 
cm-1. finis, the energy difference of eq. 29 will be ~ 17000 cm . 
In ATz (H2O)^+ measured on the Cary spectrophotometer a 
very weak band has been found as a shoulder at 18500 cm-1 
with a half-width 500 cm-1. It may be identified as a 3F2 (F) —> 
XF5 (D) transition which is predicted ~ 23000 cm-1, or the 
similar XF3 (D) predicted ~ 17000 cm-1.

In tetragonal complexes the energy of 3F(3Fc2) has no tetra
gonal contributions (eq. 10) while 7c3 (1^c3) split up, y,3 
(xF/t) being the lowest state. If it is assumed (in analogy with 
the arguments given for the second class of states in Table 5) 
that the state in eq. 27 will take over also all the strong field

* Nothing is known about the cause of diamagnetism in bis (triarsine) 
nickel (II) ion14 which is the only nickel (II) complex supposed to be cubic and 
diamagnetic.

** Recently. Shenstone30 has found lD at 14032 cm-1 and 4G at 23109 cm“1. 
(Added in proof).
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X

3P té

'K

Tetragonal Cubic
Strong Crystal Field

3n

T2

3r.
X

, 3T?2
Xt3 

yt3?tí \ 

té /
xx ytsYtZi

\ \

x X /taVcy \ y W~~74l /t'3 03 05

y'-c-t Yt5 / 

tå

\ ys2 

y» zz, 3Ps

X 3t-> 
X J t2.

Triplet terms Cubic Tetragonal
Free ion Weak Crystal Field
Fig. 2. Triplet states of d2 in weak and strong crystal fields of cubic and 

tetragonal symmetry.

tetragonal splitting by being a strong cubic field state, its energy 
will be (/¿j = //2 > /c)

(27)4 3 , 4 „ 19’ 4 „ 9
E = yC7>) + y(T;) + /q 7 02 “H 21 4 + /C —T/ 21

The energy of '/)2 (1G, irc4) is then exactly

4 , 1 4 2,1
= 06) + /h ~ -ß2 4“/ + Pa -7 «. + ,!«.] (28)

Since the difference between the energy in eq. 27 and 28 is 

Pi

composed of the positive parts y {(XG) — (x^)} ~ 5000 cm-1 and

- —B4 (this is positive due to the hole-formalism4 in el

systems) of the order of magnitude „(£)— F2) in the corre-
J 9*

5
6



yt3ït5 \

/

Xti y-ts/z
Ytt

Yt^iYty \
2

Yts Zz

y3y$

té

Singlet ternis
Free ion

Cubic Tetragonal
Weak Crystal Field

Tetragonal Cubic
Strong Crystal Field

Fig. 3. Singlet states of d2 in weak and strong crystal fields of cubic and 
tetragonal symmetry.

sponding cubic complexes, no nickel (II) complex has the ground
state of eq. 28.

The condition for a nickel (II) complex to be diamagnetic 
is thus the tetragonal part of eq. 27 being more negative than 
the energy difference in the free ion of the intermixed states, viz:

4 3
<(3F)—y0G)-----17000cm-1. (29)

If ,«3 = 0, this condition is fulfilled even at/q = ¿’2)

= 19000 cm-1 when ß2 is put5 = 2.2 B4. In reality two opposite 
tendencies remove a given nickel (II) complex from this simpli
fied model: //,3 usually is not vanishing, since the diamagnetic 
complexes have solvate molecules, anions, etc., on the z-axis,
while on the other hand may very well be larger than in the 
corresponding cubic complexes = ,//3) where steric inter
ferences prevent the ligands to be so close to the nickel ion. While
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the yellow diamagnetic complexes with their principal hand 
maximum ~ 22000 cm- (with Ni (CN)4 on the front with 
32000 cm-1) have quite large energy differences between their 
states, the red ones ~ 20000 cm-1 arc presumably only diamag
netic with some difficulties. E. g. the red nickel (II) inner salt 
with bis (acetylacetone) ethylenediimine is probably strained by 
the tendency of the Schiff base-ligand to be planar. The complex, 
known to be nearest the limit of paramagnetism, is the salmon 
pink [AT en2] [Ag Br J]2 of Nyholm14 (we have also prepared the 
similar salts with the anions [Ag Br2]~ and [Ag J2]~~ by pre
cipitation with saturated solutions of the silver halide complexes 
in concentrated solutions of the sodium halides), while the tetra 
(C, C, C , C ) methylsubstituted ethylenediamine10 forms stable 
yellow nickel (II) complexes in solution. The absorption spectra 
of several nickel (II) complexes with these and other amines 
are now being studied in this laboratory. Fig. 2 and 3 show how 
the various levels in a d2-system are split up by crystal fields of 
different symmetries. Fig. 2 gives the triplet levels and Fig. 3 
the singlet levels.

Three and Four d-Electrons.
As pointed out by Santen and Wieringen16 the maximum 

values of S in (/"-systems give especially regular crystal-field 
splittings. These are inverted in some cases, viz. for /Estates in
octahedral complexes:

Regular (F5 lowest) Inverted (F3 lowest)
279 (d) 5D (d4) > (30)
5 7) (d6) 2D (d9)

and for F-states in octahedral complexes :

Regular (F4 lowest) Inverted (F2 lowest)
3F (d2) 4F (d3) (31)
4F (d7) 3 F (d8)

A closer investigation shows that these inversion rules also apply 
to the tetragonal splitting. Thus the numerical results4’5 for 
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P-, /)-, and F-states of highest multiplicity can easily be adapted 
to these cases.

Since there will hardly be any possibilities of comparing the 
theory with experimental data for states of lower S in the magnet
ically normal complexes, the lengthy calculations along the lines 
given above will not be performed here. It may be noted that 
the strong tetragonal field states of ybt4 yctí yr¿ can be found 
by direct multiplication from 'Table 2, when the result of y¡b 
and the hole-formalism = yt:> is remembered. But a point 
of great chemical interest is the behaviour of the lower states of 
magnetically anomalous complexes. According to Saxtex and 
Wieringen1 only ¿Z4-, (I5-, d6-, and ¿/’-systems should give 
magnetically anomalous complexes of cubic symmetry since they 
are the only ones which have holes in the y5-shell in the magnet
ically normal state, to which y3-electrons can be transferred 
under pairing and decrease in S. 'This is in very good agreement 
with experience. The best known diamagnetic complexes of the 
first transition group arc the octahedral cobalt (HI) complexes. 
Their ground-state, 1Fcl (y5) is only once degenerate and is thus 
undisturbed by tetragonal and rhombic effects. Second-order 
effects can only occur' from y*  ys states, which are so excited 
that the effects of nondiagonal elements K of eq. 13 are negligible, 
except at very small (E\— E2), where they repulse yb from its 
high free-ion energy E (intermixed) down along the line in the 
Orgel diagram11

12E = E (intermixed)— ~—(E1— E%). (32)

The value of E (intermixed) must mostly be composite of 1G 
and 4E The energies of singlet terms in the free cobalt (III) ion 
will probably never be found by atomic spectroscopy, Racah’s 
theory1' for the ¿/"-terms give the expression in Condon-Shortley 
parameters :13

E (4G) = 6 /’ o — 3 b 2 — 4

±| 70S (F2 — 5 F4)2 —420 (F2—- 5F4)F4 + 11025 F4 (33)

E(4/) = 6F0—15 F2 —9F4

E ( >p) = (j Fo — 21 F2 — 1 89 F4.
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With the reasonable13 values of F2 = 2000 cm-1 and F4 = 200 
cm-1 the order of magnitude of the energy difference between 
the lowest singlet state and 5Z) is found to be 48000 cm-1. Since 
the lowest cubic state with 5 = 2, viz. 5T5 (5D), has the slope

2— ~(FX— F2) the Orgel diagram, it is seen from eq. 32 that 

(F\ — F2) must be at least 24000 cm-1 in order to get diamagnetism 
in cobalt (HI). This is already the case in Co (H2O')^ + + as 
found in alums by Asmussen?

While the first band in chromium (III) complexes gives an 
almost exact measure of ÇE1— 1\2) because7 the transition 
3F2 (3F, yl) -+ 3F5 (3F, y5 y3) has no intermixing with different 
values in strong and weak cubic fields, it is not possible to make 
a similar statement on cobalt (III) complexes. IL is only possible 
to identify the four states of y5 y3 in strong crystal-fields?’11 the 
two strong bands being due to 8 — 0, 1Fi and 1F5, while the 
weak band discovered in the red6 must be due to either 3F4 or 
3F5 with S = 1. The constant energy difference in the two strong 
bands ~ 8000 cm- is in our opinion due to intermixing of 
free ion-terms in the diagonal elements in eq. 13, and it would 
then be accidental if it was equal to 12 F2 — 60 F4 as maintained 
by Orgel.11

The two excited states have the tetragonal splittings 1Fc4-> 
1F/2 + and 1Fc5-> 17)4 + 1F¿-). If it is assumed that these 
states have no interaction with other states, their F (tetr) (see 
eq. 10) will be: B2 and B4 > 0)

= 7/5 7/4^0 (y“l —^3)

— yt^yt^y^-

irt5 = (Bi—Bs)

17m = yfsWm (/f — Fs)

(34)

The assumption of no interaction between the states will probably 
not be valid in the case of 1F<5 and 1Fi5. Orgel11 is of course 
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right in maintaining that Fc5 has no first-order tetragonal splitting 
in contrast to Pc4. But this situation may be reversed in strong 
crystal fields. Of the energies in eq. 34 it may be concluded that 
1Z1i2 has so small a value of E (tetr) (without B2 contributions) 
that if the theorem of centre of gravity can be applied to this 
and the other level of it has a very small tetragonal splitting 
as compared with the 1/)4 plus a mixture of1/)-, and 1/).-), leading 
to irc5.

It is empirically well known that the first of the two strong 
cobalt (III) bands generally show much larger tetragonal splittings 
than the other. As seen above, it can be interpreted by use of 
eq. 34 as being the transition to irc-) contrary to 1/'c4. In pro
nounced tetragonal fields, as found in trans-[Co en2C/2] , the 
lowest excited state is then 1^t4 (ytö 7/4 7ti)- At a tetragonality 
so strong that yl4 and has the same energy (as found e. g. 
in copper (II) complexes) this slate should be competing with 

(ytó yh) as ground-state.
The question of tetragonal splittings in chromium (III) 

complexes seems quite complicated. Not only does the first 
strong band show this splitting,11 but as will be shown in 
another publication by one of us, the second band is strongly split 
in the bluish grey hydroxo form of the chromium (III) ethylene
diaminetetraacetate.20 C. E. Schäffer of this laboratory has 
discovered that the dinuclear “basic rhodo” complex,2 which 
is formed transiently by air-oxidation of chromium (II) in ammonia 
water, shows on the Cary spectrophotometer four very narrow 
bands in the near ultraviolet. The first band 3jr’c2->3/'Cÿ should 
show little first-order tetragonal splitting, since one of the levels 
in 3rc5 is 3/;4 (?i5 Xt3)’ which has the B,-contribution = 0.

Some of the strong bands in magnetically normal complexes 
predicted by the crystal field theory are not very easily detected. 
The most prominent examples are:

d2: 3/\ (3F) 3F2 (3F) I
d3: 3/\ (3F) —> 3/\ (3/J) (35)
d7: 3F4(3F)->3F2(3F).

In d2 and d7 the excited states are only once degenerate on a 
(2 L + 1) basis and might be suspected to give weaker bands 



Nr. 14 25

than the other, three-fold degenerate states with maximum 5. In 
vanadium (III), the band seems nevertheless observed at 38000 
cm-1 in the reflection spectrum of A'2l'VF5H2O] as measured on 
the Beckman DU. From the other bands in this complex a wave
number 35000 cm-1 is predicted. In cobalt (II) the band is now 
identified with the quite weak band6 at 16000 cnU1 in Co (H2O)q + 
and the somewhat stronger bands in Co ÇNH3~)q + at 18200 cm-1 
and in Co en3+ + at 18500 cm-1 as described in the ninth paper 
of this series.22 Since the band in purely cubic complexes cor- 

9
responds to the energy - (£\ — B2)> this quantity is now assumed o
to be 9000 cm-1 in the aquo ion, which must be slightly rhombic, 
as seen above.

d3 is represented in vanadium (II) and chromium (III). In 
solutions of vanadium in 6 4/ HCl, reduced by zinc, a third band 
can be observed at 26500 cm-1 besides the two at 12200 and 
18000 cm"1. Since it does not have the place of the second band 
of vanadium (III), it is most probably one of the bands given 
in eqs. 35. Since (Ex — E2) is as small as 12000 cm-1, the bands 
are distributed nearly as in Ni en3~ \ the two /’4 have nearly 
their minimum distance7 = 2 A' in eq. 13. In chromium (Hl), 
low band at 38000 cm,-1 observed of Tsuciiida23 in Cr (^H2O')q+ + 
may represent the third strong band with the corresponding 
(Er— E2) = 17500 cm-1. The red solutions of chromium (III) 
chloride in absolute ethanol saturated with lithium chloride 
(probably containing Cr Cl3 alc3) show also the third band 
clearly. Here the two first bands are shifted much toward the 
red, 12000 and 19000 cm"1, respectively, while a similar band 
is observed at 26000 cm-1. Further out in the ultraviolet, the 
electron transfer spectrum due to the easy remove of electrons 
from chloride ions are observed.

Five J-Electrons.

These systems7 have no first-order crystal-field splittings in 
complexes of cubic symmetry. Their second-order interactions 
can be treated by methods given above in the second section. 
The absorption spectra of magnetically normal manganese (II) 
and iron (III) consist of very weak bands7 due to the transitions 
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from the ground-state AS to splittings of quartet states. Besides 
this, iron (III) compounds have very intense electron transfer 
spectra as seen in Fe (0H)+ +, Fe (SCN)3, Fe S20% , etc.

Among the quartet stales, and 4F2 are only represented 
once, and they have both A = 2 in eq. 12, as also 6F1(AS). 
4F3 is represented twice with Ar = 2 (4D and 4G). They continue 
also without interaction in strong crystal-fields. Probably the two 
4G-levels 4F3 and 4FX are represented in bands6 at 24900 and 
25150 cm-1. These narrow bands were also found by Gielessen24 
and in solid manganese (II) salts they split into 12 components. 
Due to the Kramer degeneracy, more than 6 were not expected, 
even due to (L, S) coupling effects. But many of the narrow 
bands found by Gielessen are probably coupled with vibrations. 
Of great importance for the observed spectra are the slates iI\, 
which occur in 4P, 4F, and 4G. They have the energies in the 
free manganese (II) ion12 29200, 43600, and 26800 cm-1 re
spectively. The two terms 4G and 4P are liable to interact strongly- 
due to the small distance of the terms. If in the strong crystal 
field the lowest level has the energy in cubic complexes

Mn (II) iFi (y4 y3) : 28000 cm 1 — (F\— E2). (36)

(Fx — F2) is then = 9200 cm-1 in Mil (H2O)£+, which seems 
very probable, and similar calculations for Fe (H2O)§+ + give 
(P4— P2) = 22000 cm-'. The middle 4F4 in Mu (H2O)¿~ should 
be placed ~ 30000 cm 1 and is probably the band6 at 29700 cm“”1. 
4F5 is finally the explanation of the bands at 23000 cm-1 in 
manganese (II) and at 18500 cm-“1 in iron (III).6 The three 
interacting levels are here due to 4/), 4F, and 4G.

Geometrical Configuration and Absorption Spectrum.

Due to the fact that only three parameters /q, /z2, and //3 
determine the spectrum of a given complex with constant1 Ji, Z 
and electron configuration, the symmetry of the crystal fields is 
often surprising high, fable 6 gives the symmetry of complexes 
with at most three different ligands A, B, C in the octahedral 
complexes M Aa Bb Cc (a > /? > c) with six equal distances.
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Table 6. Symmetry of octahedral complexes with at most three
different ligands A,B and C.

MA6b c 
masb t 

cis (1, 2) MA4B2 I 
trans (1, 6) MAtB2 I 

(1, 2, 3) MA3B3 c

(1,2,6)MA3B3 r
cis (1, 2) MAtBC r 

trans (1, 6) MAtBC t 
(B 1,2 C 3) MA,BtC t I 
(B 1,2 C 4) MA3B2C r

(B1.6C2) MA3B2C r 
(B 1,2 C 3,4) MA2B2C2 r 
(B 1,2 G 3,5) MA2B2C2 t 
(B 1,6 C 2,3) MA2B2C2 t 
(B 1,6 C 2,4) MA2B2C2 r

Among the tetragonal complexes, the tetragonality can be 
measured by (/q — //3) as seen from eq. 21 and as also found 
directly from ref. 4. It is seen that this quantity is (— 2) times 
as small in cis J/A4B2 as ’n trans MA4B2, since

cis-J/A4B2

/<1 = P 2 — /El + ,WB
/z3 = 2

/A — Z<3 = ,«B — Z<4‘

This is the explanation of the tetragonal splitting being much 
more distinct19 in trans-complexes, while it only gives broadening 
of the bands in the cis-complexes. Here the splitting is (— 1 ) 
time the splitting of mono-substituted complexes 3/ A-aB, which 
have /q— /¿3 = /zA— /iB, i. e. the splitting is inverted.

In applying these rides to observed spectra it is necessary to 
consider several facts. First, chelate ligands are treated as com
posed of the individual coordinating links. Especially sym
metrical chelates such as ethylenediamine or oxalate have AA 
function. Secondly, when the pure .1/4 6 and MB6 complexes have 
nearly the same spectra, the mixed complexes A/AnBc_n will 
show very small changes (formally, because — /<A ~ 0). 
These cases can be found from the spectrochemical series first 
developed by Fajans2'’ and later extended by Tsuchida23:

< Br~ < Cl~ < Oil ~ < RC()(r < NO^~ < F~ < H2O |
< SC'A << \H3 < en < NO2 < o-phen < dip « CA . |

(38)

Phe anions find quite fixed positions between the neutral mole
cules in this series. Thirdly, the effects of making a purely cubic 
complex 4/A6 less symmetrical by substitution to MA5B, .1/A4B2 . . . 
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are different, according to the ground-state being only once de
generate in cubic symmetry (as in chromium (HI), nickel (11), 
diamagnetic cobalt (III) complexes, etc.) or it is several times 
degenerate (as in titanium (HI), cobalt (II), copper (II), etc.). 
In the former cases the tetragonal splitting of a band does not 
move its centre of gravity determined by the cubic contribution 
/q + iW2 + while the latter cases have a predominant hyp- 
sochromic influence of unsymmetrical substitution, because the 
ground-state is decreased in energy also by tetragonal fields. 
Generally spoken, the latter type of complex with several times 
degenerate ground-state in cubic symmetry can show phenomena 
such as the “pentammine effect’’ in copper (II) complexes.4 They 
have a tendency towards showing characteristic coordination 
numbers 2 and 4 in the sense of J. Bjerrum26, while the non- 
degencrate cubic ground-states give nearly constant consecutive 
equilibrium constants, corrected for statistical effects and steric 
interaction between the ligands.

The non-degenerate, purely cubic type is very promising for 
calculation of spectra of poly-nuclear species, so abundant in 
chromium (III) and cobalt (III) chemistry. C. E. Schäffer will 
elsewhere publish absorption spectra of these compounds. E. g. 
the brown cation2' [Co {(OH)2 Co (ATf3)4}3]+6 has exactly the 
spectrum predicted of a mixture of the mono-nuclear links, one 
part of the hypothetical [Co (O//)6[~3 (determined from eq. 38) 
and three parts of cis [Co (A7/3)4 (0H)2] + , with the strong 
electron transfer spectrum from 0/7 + Co 307/ - Co 2 
superposed in the near ultraviolet.

J-Electrons in Crystal Fields of Trigonal Symmetry.

The trigonal symmetry Z)3 is characterized by the three 3-dimen
sional vectors (E, 2 C3, 3 C2)28:

C (Pdi) = (1, 1, 1)

C(Pzl2) = (1, 1,- 1) 

c (Fja) = (2, — 1, 0).

(39)

For different values of L, the possible quantum numbers are:
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C(S) = (i,i,i) = c(Ai)

C(P) = (3, 0,-1) = C(7^2) + C(As)

c(D) = (5,- 1,1) = c(rAi)r¿c(r¿3)

C(F) = (7, 1,- 1) = C(/;11) + 2C(71l2) + 2C(/j3)

C (G) =(9,0,1)= 2 C ( A i) + F (A2) + 3 C ( A3)

C (77) = (11, —1,-1) = C(Ai) + 2C(A2) + 4C(As)

C (7) = (13,1, 1) = 3C(Ai) + 2C(A2) + 4C(As),

(40)

The multiplication table is:

Ai Ah rj2 7 J3
A2 7(12 As
As As As At 1 + A 2 -r Al 3

(71)

The crystal field of a trigonal bipyramid has this symmetry. If 
one of the three equal dipoles in the planar triangle is denoted 
by /Zj, and one of the two equal dipoles in the perpendicular 
axis through the centre of the triangle by //2, the energy of the 
three possible states of one (7-electron is:

It is seen that the relative position of these energy levels are 
highly dependent on the ratio B2/A and /q//i2. F°r th° limiting 
case /zx = 0, the three energies are equal to the similar limits 
in the tetragonal case for (= /ti), an<7 7/i, respectively.

For the special the B2 contributions vanish:



30 Nr. 14

(43)

Just as in the cubic symmetry, the sum of dipole moments in 
the plane is twice as large as the sum of dipole moments along 
the perpendicular axis in this particular case. While the other 
types of crystal field symmetry, treated in this paper, are re
presented in octahedral complexes, I he trigonal symmetry cor
responds to only live-coordinated complexes. These are of 
special interest as a probable intermediate configuration occurring 
in exchange reactions by dissociation of octahedral complexes 
involving \Yl mechanisms.29

Summary.

The group-theoretical derivation of the possible states in 
crystal fields of cubic, tetragonal, and rhombic symmetry is 
presented as operations with simple five-dimensional vectors. 
The problem of interaction between two states alone by going 
from weak to strong crystal fields is solved. The behaviour of 
one d-electron in the fields of different symmetry is discussed, 
fhe earlier calculations on d2-systems are used for comparison 
with the strong and weak tetragonal fields. The ground-state of 
diamagnetic nickel (II) complexes is found. In d3- and d4- 
systems, the splitting of states with maximum S is inverted, as 
compared with the corresponding d2- and dislates. 'fhe magnetically 
anomalous complexes of these configurations are discussed, and 
peculiarities in the tetragonal splitting pointed out. Cubic states 

of d5 with S = — are in some cases strongly interacting. Finally 

the relative magnetude of the tetragonal splitting in complexes 
with different distribution of ligands on the six octahedral places 
is found. Distinction is made between complexes with only once 
degenerate ground-slate in cubic symmetry (which show more 
regular evolution of spectra and equilibrium constants with 
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increasing number of a new ligand) as compared with complexes 
where this is not the case. These latter, which according to 
van Vleck cannot at all be stable in purely cubic symmetry, 
show higher wave-numbers of the mixed complexes as compared 
with the limiting complexes JM6 and MI36.
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